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ABSTRACT 
Let (Q, G) be a permutation representation. The restricted diagonal action of G on 
the subset of Qn containing n-tuples in which no elements appear more than m times, 
the so-called multi-restricted power of permutation representation with restriction m, 
is studied. The orbit decompositions of these actions involve a new class of numbers, 
the so-called multi-restricted numbers of the first and second kinds with restriction m. 
The multi-restricted numbers of the second kind without a restriction are the Stirling 
numbers of the second kind, and the multi-restricted numbers of the second kind with 
restriction 2 are reparametrized coefficients of Bessel polynomials, the so-called Bessel 
numbers. The multi-restricted numbers of the second kind with the restriction m > 3 
are entirely new, and this thesis is devoted to a study of this new series of numbers. 
1 
CHAPTER 1. Introduction 
Let G be a finite group. A G-set (Q, G) or permutation representation of the group 
G consists of a set Q, together with a (right) action of G on Q via a homomorphism 
from G into the group Ql of all permutations of the set Q. A G-set (Q,  G) may be 
construed as an algebra of unary operations on the set Q. For a positive integer n, the 
direct power (Q, G)n of this algebra is the G-set Qn with diagonal action 
of the element g of G. 
Consider the subset of Qn consisting of all n-tuples of distinct elements of Q. 
(Of course, for n > |Q|, this subset is empty.) The set Q^n\ equipped with the restriction 
of the diagonal action of G, is called the n-th irredundant power of the G-set (Q, G), 
and denoted by (Q, G)M. By analogy with Speed's Orbit Problem [14], it is natural 
to ask how an irredundant power (Q, G)W of a transitive G-set (Q. G) decomposes as 
a disjoint union of orbits. In particular, one may ask when an irredundant power of a 
faithful transitive permutation representation decomposes entirely as a disjoint union of 
regular orbits. 
In Chapter 2, it is shown that the irredundant power G-set (Q, G)^ and the direct 
power G-set (Q, G)n are related dually via Stirling numbers of the first and second 
kinds, and the orbit decompositions of the irredundant powers (Q, G)M are obtained 
G —» Q! ; <? h- (g H- qg) (1.0.1) 
9 : (?i, (Si9, , Qn9) (1.0.2) 
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from those of direct powers (Q,G) k  for 0 < k < n by Stirling inversion. Also, for 
any faithful transitive permutation representation of G, it is found that there exists a 
minimum number t, the so-called codimension, such that all the orbits of the irredundant 
power (Q, G)$ are regular. It is dual to the conception of the dimension: the minimum 
number t such that the direct power (Q, G)* of a faithful transitive G-set (Q, G) contains 
a regular orbit (Def 2.3, [16]). 
The number of orbits on the irredundant power G-set QM is also obtained by applying 
Stirling inversion to the number of orbits on the direct power G-set Qn. An exponential 
generating function for the numbers of orbits in each irredundant power is also obtained. 
Using the permutation character, the exponential generating functions of the numbers of 
orbits in each direct power (Q, G)n and in each irredundant power (Q, G)M are exhibited: 
and -L£(l + tr<*>, (1.0.3) 
'  'gee ' 'gee 
respectively, where n(g)  is the number of points of Q fixed by an element g of G (5.1 
[15], Th 2.2.3). Then, the second generating function in (1.0.3) may be considered as a 
drastic truncation of the first one in (1.0.3), since 
g€G g€G 
Now we raise the question: can we define an appropriate subset of Qn so that slightly 
less drastic truncations of (1.0.4) can be generating functions for the numbers of orbits 
in the restricted diagonal action of G on this subset? 
In chapter 3 and. 4, we consider the following truncations of (1.0.4): 
1 Z i2\<9) , / 42 4Z\<9) 
M§(1+t+2i) M§(1+t+2i+3i) ' (L0-5)  
and define the bi-restricted power and the tri-restricted power to be the subsets of Qn 
containing n-tuples in which no element is repeated more than once and twice. As a 
simple version of (1.0.4), 
e t e = ( l  +  «  +  l ï  +  f r " )  
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generates the Stirling numbers of the second kind. The corresponding simple versions 
generate reparametrized coefficients of Bessel polynomials, the so-called Bessel numbers, 
and the tri-restricted numbers of the second kind. Using the Bessel numbers and the tri-
restricted numbers, the orbit decompositions and the number of orbits on the G-sets 
obtained by restricting the diagonal action of G on the bi-restricted powers and tri-
restricted powers are obtained. It is also shown that (1.0.5) generates the numbers of 
orbits on each bi-restricted power and on each tri-restricted power. 
Considering the general case: 
for a positive integer m, we define an appropriate subset of Qn, the so-called multi-
restricted powers with restriction m. Using the new series of numbers generated by the 
simple version of (1.0.6), the so-called multi-restricted numbers of the second kind with 
restriction m, the orbit decomposition and the number of orbits of the restricted diagonal 
action of G on the multi-restricted power set is obtained, and it is shown that (1.0.6) 
is the generating function for the numbers of orbits on each multi-restricted power with 
the given restriction m. 
The remainder of the paper is mainly devoted to a study of the new series of numbers 
generated by (1.0.6) from a combinatorial viewpoint. It turns out that these series of 
numbers are closely related to the Stirling numbers of the second kind. Just as the 
Stirling numbers of the first kind are obtained from the Stirling numbers of the second 
kind, the multi-restricted numbers of the first kind with the restriction m are defined by 
inverting the multi-restricted numbers of the second kind with the restriction m. 
Chapter 2 deals with the unrestricted case (namely Stirling numbers), while chapters 
3 and 4 deal with restrictions m = 2 and 3, respectively. Chapter 5 discusses for the 
of (1.0.5), 
and 
(1.0.6) 
4 
general case, and Chapter 6 draws conclusions and raises open problems, especially 
problems involved with extending the multi-restricted numbers. 
5 
CHAPTER 2. Stirling numbers and irredundant powers 
Consider a permutation representation of a finite group G on a set Q. For each 
positive integer n, the irredundant power G-set QM is defined as follows (cf. II.1.10 
[10]): 
Definition 2.0.1 The n-th irredundant power of a set Q is 
Q[n] = {(?!, 02," - , Qn) € Qn I Vt # j, Çi # Qj}. (2.0.1) 
For a G-set (Q, G), the restriction of the diagonal action is called the n-th irredundant 
power of  (Q,  G),  and denoted by (Q,  0 )M.  •  
2.1 Stirling numbers 
For each positive integer n,  the product x(x  — 1) (x  — 2)... (x  — n  + 1) in the integral 
polynomial ring Z[x] over an indeterminate x is denoted by [z]%. Since {xn | n E N} 
and {[x]n | n G N} are free generating sets for Z[x] as a Z-module, each can be uniquely 
expressed as a linear combination of the others. 
Definition 2.1.1 The Stirling numbers of the first kind Si(n, k) and the Stirling num­
bers of the second kind ^(n, k) are given by 
n n 
xn = 'Y^S2{n,k)[x]k and Si(n, k)xk, (2.1.1) 
k= 0 fc=0 
with the convention that Si(0,0) = 1 and Si(n,  0) = 0 for  each £ = 1,2. 
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Proposition 2.1.2 The (n, k)-th Stirling number of the second kind 82(71, k) is the num­
ber of partitions of an n-set into exactly k nonempty subsets. 
Proof. The number of surjective functions from an n-set to a k-set is fcLS^n, fc) (Cf. 
3.14 [1]). The kernel of a surjective function from an n-set into a k-set induces a partition 
of the n-set into k nonempty subsets. • 
Corollary 2.1.3 [1] For any integer n > 0, the Stirling numbers of the second kind 
satisfy 
^(n,  k)  = S2(n - l ,k  — l )  + k-  Ss(n — 1,  k) .0  (2.1.2) 
Table 2.1 displays the first few Stirling numbers of the second kind for positive 
integers n and k. The empty cells are to be filled with 0's. 
Table 2.1 The Stirling numbers of the second kind 
S 2 (n ,  k)  k = 1 2 3 4 5 6 7 8 9 
n = 1 1 
2 1 1 
3 1 3 1 
4 1 7 6 1 
5 1 15 25 10 1 
6 1 31 90 65 15 1 
7 1 63 301 350 140 21 1 
8 1 127 966 1701 1050 266 28 1 
9 1 511 9330 34105 42525 22827 5880 36 1 
For any integer n > 0, c(n, k) denotes the number of permutations of an n-set with 
exactly k cycles, with the convention that c(0,0) = 1 and c(n, 0) = 0. Then the numbers 
c(n, k) satisfy the recurrence relation 
c(n, k)  = (n — 1) • c(n — l ,k)+ c(n — l ,k  — 1), (2.1.3) 
and one obtains 
n 
y; c(n, k)x k  = x(x +1) (x  + 2) • • • (s + n — 1) (2.1.4) 
fc=0 
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[1]. By Definition 2.1.1, the Stirling numbers of the first kind can be identified as follows: 
Proposition 2.1.4 The Stirling numbers of the first kind satisfy 
S x (n ,k)  = (- l ) n - kc(n,k)n (2.1.5) 
Table 2.2 displays the first few Stirling numbers of the first kind for positive integers 
n and k. The empty cells are to be filled with O's. 
Table 2.2 The Stirling numbers of the first kind 
Si(n,k)  k = 1 2 3 4 5 6 7 8 9 
n = 1 1 
2 -1 1 
3 2 -3 1 
4 -6 11 -6 1 
5 24 -50 35 -10 1 
6 -120 274 -225 85 -15 1 
7 720 -1764 1624 -735 175 -21 1 
8 -5040 13068 -13132 6769 -1960 322 -28 1 
9 40320 -109584 118124 -67284 22449 -4536 546 -36 1 
Proposition 2.1.5 For any integer n > 1, the Stirling numbers of the first kind satisfy 
1) + S\(n, 2) + Si(n, 3) + • • • = O.D (2.1.6) 
2.2 Irredundant powers 
For a finite group G, let G be the variety of G-sets, construed as a category with 
homomorphisms (G-equivariant maps) as morphisms. For an object Q of £, let [Q] 
denote the isomorphism class of Q in G. Let A+(G) be the set of isomorphism classes of 
finite G-sets. This set becomes a commutative, unital semiring (A+(G), +, -, 0,1) under 
[P] + [Q] = [P + Q], [P] - [Q] = [P x Q], 0 = [0], and 1 = [1]. It embeds canonically 
into a commutative ring, the integral Burnside algebra of the group G (§1.2 [17]). 
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For G-sets Qn and with the diagonal actions, we consider the isomorphism classes 
[Qn] and [Q^]. Application of the Stirling inversion (2.1.1) inside the Burnside ring of 
G yields the following relationship. 
Proposition 2.2.1 For any G-set Q, 
n n 
[Q*] = ^S2(n,fc)[Q[*]] and [QM] = ^Si(n, fc) [£*].• (2.2.1) 
k=l k=l 
For a G-set (Q, G), 1st r(g) be the number of points of Q fixed by an element g of 
G. By Burnside's Lemma, the average number of fixed points 
17^  53 7r^ n (2.2.2) 
is the number of orbits of G on Qn [15]. Similarly, the number of orbits of G on the n-th 
irredundant power set may be calculated as follows. 
Lemma 2.2.2 For each positive integer n, the number of orbits of G on is 
"ig| (2.2.3) 
'  '  g<=G 
Proof. Applying (2.2.2) to Proposition 2.2.1, the number of orbits of G on the irre­
dundant power QW is 
£>(«,*) = pE (£&(<>, , (2.2.4) 
and by (2.1.1) this is the same as (2.2.3). • 
The exponential generating function for the number of orbits on the direct power 
G-sets Qn is 
i5iEetoW (2-2.5) 
1 1 g€G 
(where the exponential generating function for a sequence (a„)£l0 is 
[15]). Similarly, the exponential generating functions for the numbers of orbits on 
are obtained as follows (cf. V.20.4 [10]). 
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Theorem 2.2.3 The exponential generating function for the number of orbits on the 
n- th  irredundant  power G-set  (Q,  G)M is  
= + (2-2.6) 
1  1  g<=G 
where it (g) is the number of points of Q fixed by an element g of G. 
Proof. Expansion of /(i) in a Taylor series at t = 0 yields 
By Lemma 2.2.2, f ( t )  is the exponential generating function for the sequence of numbers 
of  orbi ts  on {Q,  G)M. •  
2.3 Orbit decomposition 
2.3.1 Incidence algebras and functions on posets 
For sets C and uD, the exponential notation CD is used for the set of all functions with 
domain D and codomain C. Let  X or  (X,  <)  or  (X,  a) ,  with a — {(x,  y)  €  X 2 \x  < y},  
be a poset. For simplicity, X here will be assumed finite. (More general treatments are 
given in e.g. [1, 13].) Let S or (5, +, -, 0,1) be a unital, commutative ring. The set SQ 
of functions from a to S inherits the componentwise commutative unital ring structure 
(S°,+,-,(>,<) (2.3.1) 
from S. In particular, the multiplicative identity of (2.3.1) is the zeta function Ç : a-* 
{!}. Given two elements 6, <p of Sa, their convolution is the function 9 * (j> :•a —*• S with 
9 *  0(z, y)  = 6(x,  t )<p(t ,  y)  (2.3.2) 
x<t<y 
for (z, y) € a. The set Sa becomes a non-commutative unital ring 
(3=,+,*,0,6) (2.3.3) 
10 
whose multiplicative identity is the delta function 5 : a —> S, the characteristic function 
of the diagonal subset X = {(z,z)|z G X} of a. The ring or S-algebra (2.3.3) is called 
the incidence algebra of  the poset  (X,  a)  over  the r ing S.  For an element  9 of  S a ,  le t  9 k  
denote its fc-th power in (2.3.1), and 9*k its k-th power in (2.3.3). The zeta function has 
an inverse 
1*1 
„ = £(-!)'(<-5)" (2.3.4) 
k=0 
in (2.3.3): in essence, (2.3.4) is a binomial series (Cor. 4.12 [1]). The function (2.3.4) 
is called the Môbius function of the poset X (over the ring S=) and is also inductively 
defined by fx(x, x) = 1, fi(x, y) = 0 if x ^ y, and 
ti{x,y) = - ^ 2 p(x,z). (2-3.5) 
x<z<y 
If S has characteristic zero, then the Môbius function assumes integral values. Finally, 
the set Sx of S-valued functions on X becomes a right module over the incidence algebra 
(2.3.3) via the action 
/.0(z)=]T/(t)0(t,z) (2.3.6) 
t<x 
of an element 9 of Sa on an element / of Sx (§2 [13]). 
2.3.2 Orbit decomposition in direct powers 
For a subgroup H of G, the set H\G = {Hx |  x 6 G} of cosets of H becomes a 
(right) G-set under the actions g : Hx h- Hxg of elements g of G. Define the mark 
function 
A+(G) h- QSbG; [X] ^(Eh- \g{H \G,X)\) (2.3.7) 
(cf. §180 [4]) into the componentwise Q-algebra of rational-valued functions on the sub­
group poset Sb G of G. The mark function is an infective unital semiring homomorphism 
(Prop. 1.2.2 [17]), so that A+(G) may be identified with its image under (2.3.7). The 
11 
(rational) Burnside algebra B(G) of G is then defined to be the Q-subalgebra of Q51*5 
generated by A+(G). 
Write 7 = {(K, H) 6 (SbG)2 | K Ç ff} for the containment relation in the subgroup 
poset Sb G. Define the element 
« : (.K, H) H- |2f n K Inn G\ • |NG(iif) | (2.3.8) 
of the incidence algebra of Sb G over B(G). Thus the first factor on the right hand side 
of (2.3.8) represents the number of conjugates of K (images of K under the action of the 
inner automorphism group Inn G of G) that appear as subsets of H. Define the element 
j  :  L  t- ï  \L\-[L\  G] (2.3.9) 
of B(G)SbG. Using the Môbius function fx of Sb G over Z or B(G), and the action (2.3.6) 
of B(G)7 on B(G)SbG, one obtains the following decomposition of direct powers of a 
transitive G-set. 
Theorem 2.3.1 (Th. 4.1 [14]). For a subgroup H oî G and a positive integer rz, 
[H\G]n = |H\~nj */z* %"-!(#).[] (2.3.10) 
2.3.3 Orbit decomposition in irredundant powers 
Proposition 2.2.1 shows that the irredundant power G-sets (Q,  G)M are dual to the 
direct power G-sets (Q, G)n under Stirling inversion. By this duality, together with the 
fact that the orbits for the action of G on QW axe isomorphic to the orbits for the action 
on {H\G, GYn\ we can describe the orbit decomposition of the irredundant power G-set 
(Q, G)M as follows. 
Theorem 2.3.2 Let G be a finite group and let H be a subgroup of G. Then for each 
positive integer n, 
K<EL<K 
K(K,H) _ 1  
\H\ 
(2.3.11) 
71—1 
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Proof. By Theorem 2.3.1, for any positive integer k, we have 
[H \  G] k  =\H\- k j* f i * K k - 1 (H) 
_ v v r«(^g)]fc \ t  \  (j \  
^ L J  ^  ^
By Proposition 2.2.1, for any positive integer n, we have 
|a\G]M =ELiSi(n,fc)|if\G]6 
= ELiS,(",*) E ( 
K<H \L<K 1  J  
= E E ^^[L\Gi (EL,^,*) 1^' 
K<HL<K \  
By the definition of the Stirling numbers, we have 
[H\G]W = E E 
K<HL<K K  '  L I I Jn 
= \x\-1 E E m^L,K) N§P - X1 , -D 
*-<• TT T.< ff L 1 1 J n—1 K E L K 
Remark 2.3.3 Theorems 2.3.1 and 2.3.2 may be reformulated as follows to emphasize 
the dual i ty  under St ir l ing inversion between the direct  and irredundant  powers of[H\G]:  
\L\n{L,K) 
\L\p(L,K) 
K<HL<K KVn-:-nJ 
K(K,H) '  
. m . 
K(K,H) 
\H\ Jn 
&\G]; 
[L\G].  
2.3.4 Codimensions 
The minimum number t  for which the direct power (Q,  G) 1  has a regular orbit is the 
dimension of the G-set Q. Dually, we define the "codimension" as follows. 
Definition 2.3.4 The codimension of (Q, G) is the minimum number t for which the 
irredundant power (Q, G) M consists entirely of regular orbits. • 
13 
For a faithful transitive G-set (Q,G), let n be the size of Q. Then the n-th irredun­
dant power G-set has only one orbit, QM itself, and it is regular, since the stabilizer 
of an element ($1, , qn) of QM in G has only identity in G: 
g E StabG{qi,q2,...,qn) <=> (qiQ, Qzg, • - -, Qng) = (çi, $2, • • •, Qn) 
<=> qig = qi for all i = 1,2,..., n 
<=> qg = ç for all q G <2 
5 = 1<?3 
where 1<? is the identity in G. Now consider an element (çi, Çn-i) in Then 
only one element of Q, say qn, does not appear in (çi, , çn_i). Adding qn into the 
(çi, $2, - - -, Çn-i), the n-tuple (çi, %,..., çn_i, çn) in is obtained uniquely. So all the 
orbits of the (n — l)-th irredundant power G-set are isomorphic to the regular orbit Q^. 
Therefore, it is clear that the codimension is less than the size of Q, but not less than 
the dimension. 
Lemma 2.3.5 For a faithful transitive permutation representation (Q, G), the codimen­
sion is 7T2 -f-1, where is the maximum number of points fixed by a non-identity element 
Proof. Suppose that k is the codimension of (Q,  G), i.e. all the orbits of the &-th 
irredundant power G-set are regular. By Lemma 2.2.2, the number of regular orbits 
is 
where 7r(g)  is the number of fixed points by g in G. Since the size of the regular orbits 
is |G|, the number of regular orbits in (Q, G)^ is also 
ofG.  
(2.3.12) 
(2.3.13) 
where the 1<? is the identity of G. Since (2.3.12) equals to 
14 
we should have 
Tqï 53 = (2.3.14) 
1 11 c^g€G. 
Let tt2 = max {7r(y)|lc ^ g e G}.  Then 
i& 53 53 
1 1 1 G#5€G 1 1 1gF56G 
Since [7r2]* = ^2(^2 — 1) • • • (tt2 — A: + 1), (2.3.14) is obtained by taking k = tt2 +1. D 
2.3.5 Example 
Consider the natural action of the symmetric group S5 on the set D4 \ S5 of cosets of 
the dihedral group Z?4 in S5. We calculate the number of regular orbits in (Z?4 \S5, S5)M 
for small positive integers t and the codimension of (Z)4 \ S5, S5). 
Without loss of generality, we may assume D4 is generated by (1234) and (13). 
Then, Figure 2.1 displays the partial ordering in the set of all the subgroups of D4, and 
Figure 2.1 Hasse diagram for the set of subgroups of Z)4 
< (12)(34) > < (24) > < (13) (24) > 
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we may calculate ii( 1, K) for any subgroup of D4 by (2.3.5). For example, 
Xl,l) = 1, 
fi{ 1, < (13) >) = fx( 1, < (24) >) = n( 1, < (13) (24) >) = ~[i( 1,1) = -1, 
l,Za x Z2) = - (p(l, 1) + j"(l, < (13) >) + /z(l, < (24) >) + /z(l, < (13)(24) >)) = 2, 
A*(l, ZO = - (m(1, 1)+M(1, < (13) (24) >)) = 0, 
A&(1, ^4) = — (1 + (—1 — 1 — 1)), and 
/ti(l, D4) = — (1 + (—1 — 1 — 1 — 1 — 1) +(2 + 0 + 2)) = 0. 
Since < (13) > and < (24) > are conjugate, < (13) (24) >, < (12) (34) >, and < 
(14) (23) > are conjugate, and since none of the others are conjugate to each other, there 
are seven conjugacy classes in D4. 
The box below lists subgroups of S5 which conjugate to a subgroup of £>4, and for 
each group K, it lists the value fi( 1, K), the number of conjugates of K contained in D4, 
and  the  o rder  o f  the  normal ize r  o f  K in  S 5 .  Since  k ( K ,  B 4 )  =  |2 5 4  r \KInn{S$)  |  -\ N s s  (K)  |  
by (2.3.8), the last two columns can be easily obtained. 
K M(1 ,K) \2Di tl KInn(S5)\ |iV5s(iT)| k(K,D4) 
D4 0 1 |D4| 8 1 
Z4 0 1 \D4\ 8 1 
y4 2 1 \SA\ 24 3 
Z2 x Z2 2 1 |D4| 8 1 
< (13) (24) > -1 3 8 24 3 
< (13) > -1 2 12 24 3 
1 1 1 [S51 120 15 
By Remark 2.3.3, the multiplicity of the regular orbit [1 \ £5] in the irredundant power 
(D«\ is 
«(jr. XW 
K{K, D4) 
\D4 
. t 
(2.3.15) 
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So the number of regular orbits in (Z)4 \ S$, S5) M is 
—[15]t + 2 x — [3]t + 3 x — [3]t + ~[l]t + ^[3];. (2.3.16) 
There are no regular orbits for t = 1. There is one regular orbit for t = 2, and there are 
22 regular orbits for t = 3. For t = 4, there are [15]4/120 = 273 regular orbits. Now 
273 x |1 \S5\ = [15]4 = [I-D4 \ S5|]4. Thus (D4 \ S5, S5)M has only regular orbits for 
t = 4. Hence the codimension of the action is 4, while the dimension is 2. 
Alternatively, the codimension may be calculated by investigating the fixed points 
of S5 in £>4 \ S5. The transposition (24) fixes three points in \ and this number 
3 is the largest number of points fixed by a non-identity element of £5. So tt2 = 3, and 
the codimension is tt2 +1 = 4. 
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CHAPTER 3. Bessel numbers and bi-restricted powers 
3.1 Bessel polynomials and Bessel numbers 
For each nonnegative integer n, the Bessel polynomial yn(x) is defined to be the 
(unique) polynomial of degree n, with unit constant term, satisfying the differential 
equation 
x2y'n + (2z + 2 )y'n = n(n + l)yn 
[3, 8, 11]. The first few Bessel polynomials are 
y0(x) = 1; 
(z) = x +1; 
2/2 (^ ) = + 3x +1: 
ys(x) = 15x3 + ldx2 + 6x +1, 
and the n-th Bessel polynomial may be written in the form yn(x) = YlkLo °%xk-> ^ which 
the Bessel coefficient a% is defined by 
= 2 '(n-*)!*! (3'L1) 
for n > k > 0, and by a% = 0 otherwise. The Bessel coefficients satisfy the recursion 
< = (n+ (3.L2) 
[8]. To study the Bessel coefficients from a combinatorial standpoint, the Bessel coeffi­
cients al are reparametrized as follows: 
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Definition 3.1.1 For nonnegative integers n and k, the (n, k)-th Bessel number B(n, k) 
is defined to be the Bessel coefficient ak_k, i.e. for 0 < n < 2k, 
*fo*> = 2.^(n-H)(2*-n)!- (3'L3) 
Proposition 3.1.2 The (n,k)-th Bessel number B(n, k) is the number of partitions of 
an n-set into k nonempty subsets, each of size at most 2. 
Proof. Let ki := 2k — n and k2~n — k. Then from the equation (3.1.3), 
B(n,k) = 1*i2*2(Ai)!(^j-
Since ki + k2 = k and 1-ki+ 2 • k2 = n, B(n,k) is the number of partitions of an m-set 
into k nonempty subsets of type lkl2k23° • - • n°.D 
Rewriting (3.1.2), we have the recursion as follows. 
Corollary 3.1.3 The Bessel numbers satisfy the recursion 
B(n, fc) = Bin — 1, k — 1) + {n — 1) • B(n — 2, k — 1).D (3.1.4) 
Table 3.1 displays the first few Bessel numbers. The empty cells are to be filled 
with O's. It is easy to see that the k-th Bessel polynomial is written in the form 
Table 3.1 The Bessel numbers 
B(n,k) k = 1 2 3 4 5 6 7 8 9 
n = 1 1 
2 1 1 
3 3 1 
4 3 6 1 
5 15 10 1 
6 15 45 15 1 
7 105 105 21 1 
8 105 420 210 28 1 
9 
-
945 1260 378 36 1 
of Vkix) = J2n=0B(n,k)xn~k. Also, note that the diagonal entries are all l's, and the 
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(n, n — l)-th entry is the binomial coefficient (£) for all positive integer n. Moreover, 
B(n,k) = 0 iî k < where [f| is the least integer greater than or equal to t. 
3.2 Bessel numbers and Stirling numbers 
From Table 2.1 and Table 3.1, it is easy to see that 
B(n,k) = S2(n,k) if 2 > n — k. 
It is not surprising, since the (n, k)-th Stirling number 82(71, k) of the second kind is the 
number of partitions of an n-set into k nonempty subsets: there is no partition of an 
n-set into k nonempty subsets for n < k; there is only one partition of an n-set into 
n nonempty subsets(note that each subset is of size exactly 1); if n = k + 1, all the 
partitions of an n-set into k nonempty subsets have exactly one part of size 2 and the 
remaining parts of size 1. Hence, it is obvious that for n < k -1-1, ^(n, k) is the same as 
the (n, k)-th Bessel number B(n, k), which is the number of partitions of an n-set into 
k nonempty subsets, each subset of size < 2. 
Now, we may consider the number of such partitions, each subset of size > 2, which 
are well-known as follows. 
Definition 3.2.1 [5] For n > k > 0, the associated Stirling number A2(n, k) of the 
second kind is defined to be the number of partitions of an n-set into k nonempty 
subsets, each of size at least 2. 
Corollary 3.2.2 [5] The associated Stirling numbers of second kind satisfy the recursion 
A2(n, k) — k • A2(n — 1, k) + (n — 1) • A2(n — 2, k — 1).Q (3.2.1) 
Table 3.2 displays the first few Bessel numbers. The empty cells are to be filled with 
0's. Note that A2(n, k) = B(n,k) if n = 2k. 
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Table 3.2 The associated Stirling numbers of the second kind 
A2(n, k) k = 1 2 3 4 5 6 7 8 9 
n = 1 
2 1 
3 1 
4 1 3 
5 1 10 
6 1 25 15 
7 1 56 105 
8 1 119 490 105 
9 1 246 1918 1260 
Remark 3.2.3 In terms of their combinatorial significance, the Bessel numbers are 
complementary to the associated Stirling numbers of the second kind. Especially, replac­
ing all S2 in (2.1.2), A2 in (3.2.1), and B in (3.1.4) by R, it is easy to see the following 
complementary relations: 
R(n,k) = R(n — l,k — 1) + k • R(n — l,k); 
R(n,k) = k • R(n — 1,k) + (n-1)- R(n — 2,k — 1); 
R(n,k) = R(n —l,k — l) + (n — 1) - R(n — 2, k — 1). 
3.3 Generating function for the Bessel numbers 
Now consider the function 
e " = ( l  +  t + | j  +  !  +  - - - )  (3.3.1) 
For each positive integer n, the n-th derivative of ete with respect to t at t = 0 is xn. By 
(2.1.1), this is expressed as a sum of products of falling factorials with Stirling numbers 
of the second kind: 
dP_ 
dtni 
Ax 
— ^ ^ S2(n, &)[ar]&. 
i=0 k=o 
Now consider the following drastic truncation of (3.3.1): 
/(*) = (] 
-4) 
(3.3.2) 
(3.3.3) 
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Then for each positive integer n, the n-th derivative of f(t) with respect to t at t = 0 is 
expressed as a sum of products of falling factorials with Bessel numbers: 
Theorem 3.3.1 For an indeterminate x, let f{t) be given by (3.3.3). Then 
71 
f<-")(0) = '£B(n,k){x}k (3.3.4) 
fc= 1 
for each positive integer n. 
Proof. Since f^(0) is a polynomial with respect to x, and {[%]&,} is a basis for the ring 
of polynomials, the coefficient of is uniquely defined. By the binomial formula, we 
have 
Writing the binomial coefficient (£) in the form [x\k/kl gives 
f(t\ _ y- Ëk tn (3 3 5) 
m 
~ h h - v  ' h h  2">- • 
Since f(t) = ££„/<«>((>)£ (3.3.5) yields 
= Z>-*(n-k)\(2k-n)l[x]t 
The result then follows by the definition of the Bessel numbers.• 
3.4 Unimodality of the Bessel numbers 
A real sequence k = 0,1,2, • • •, is called, unimodal if there exist two integers a 
and b such that: 
k<a-  2  => v k  < v k +i ,  
Va-l <Va = Va+i = • - • = Vb > Vb+i, 
k>b +1 => Vk > Vk+i-
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If a = b, the va = Vb is called the peak, and if a < b, the va = va+i = • • • = Vb is called 
the plateau of b — a points [5]. 
The sequence S2(n, k) of Stirling numbers of the second kind, n > 3 fixed, k < n 
variable, is unimodal with a peak or plateau of 2 points [9]: for each positive integer 
n > 3, there is an integer k such that 
S2(n, 0) < S2(n, !)<•••< 52(n, &) > S2(n, fc +1) > • • • > S2(n, n), (3.4.1) 
where one of < s or >'s is strict inequality. 
It will be shown that the Bessel numbers display similar unimodality. The sequence 
of n-th Bessel numbers is defined as {B(n, k) \ k = 1,2,3, • - • , n}. 
Theorem 3.4.1 For a fixed n > 3, the sequence of n-th Bessel numbers is unimodal: 
for each positive integer n > 3, there is an integer k such that 
B(n, 1) < B(n, 2) <•-•< B(n,k-1) < B(n, k) > B(n, k+1) > - • • > B{n, n), (3.4.2) 
where one of <'s or >'s is strict inequality. 
Proof. Since Table 3.1 shows that the set of n-th Bessel numbers is unimodal for each 
3 < n < 7, we assume n > 7. By the definition of the Bessel numbers, we have 
B(n
'
k) 
= ^ * € (3'4'3) 
For the fixed value of n under consideration, set Om := B(n,m)/B(n,m — 1) for each 
m in the interval [\n/2\ + l,n]. Then the sequence {am | m € [\n/2\ + l,n]} is strictly 
decreasing, since 
am jB(n,m)2 (n — m + l)(2m - n + 2)(2m - n +1) ^ ^ 
Om+i ~ B(n, m — l)B(n, m +1) (n — m)(2m — n)(2m - n - 1) 
(3.4.4) 
by (3.4.3). Since 
2 I n/2 if n is even 
On = —7 TT and ûfn/21+i = < (3.4.5) 
n\n *•) I Ln/2j/3 otherwise, 
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one has O n  < 1  and ûfn/2]+i > 1 for all n > 7. Since dm is strictly decreasing, there is 
an integer k such that 
Û|n/2]+l > " > ak> 1 > O-k+1 > • • > an. 
Thus 
B{n, \n/2]) < - • • < B(n,k — 1) < B(n,k) > B(n,k +1) > > B(n, n). 
Recalling B(n, m) = 0 for all m < fn/2"]. one obtains (3.4.2). 
Corollary 3.4.2 The sequence of non-zero Bessel numbers is nonincreasing, 
B(n, [|]) > • > B(n,n), 
precisely for n = 1,2,3,5,7. 
Proof. From (3.4.5), a[n/2i-u < 1 iff n = 2,3,5,7. • 
The proof of Theorem 3.4.1 also verifies the following corollary, which works similarly 
to the sequence of Stirling numbers of the second kind, 
Corollary 3.4.3 For a fixed n > Z, the sequence of n-th Bessel numbers is unimodal 
with a peak or a plateau of 2 points. • 
3.5 Bi-restricted powers 
Consider the n-th direct power Qn as the set of all functions from an n-set to Q. 
Then the n-th irredundant power is the subset of injective functions from the n-set 
into Q. We now consider a certain intermediate set, included in Qn and including Q^n\ 
as follows. 
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Definition 3.5.1 The n-th bi-restricted power of a set Q is 
Q[W] =  { / : { l ,2 ,3 ,...,nH<2|VgeQ,  ir 'MI < 2} .  (3 .5 .1)  
For a G-set (Q,G), the restriction of the diagonal action of G on Qn to is called 
the n-th bi-restricted power of (Q, G), and denoted by (Q, • 
The formula [Q^] = -5*1 (n, k) [Qk] of Proposition 2.2.1 gives a relation between 
the irredundaiit powers and the direct powers. In similar fashion, the bi-restricted powers 
are related to the irredundant powers and the direct powers. 
Proposition 3.5.2 
[<2M] = i>(n,i)leW]. (3.5.2) 
A=1 
Proof. For each 1 < k < n, let = {/ € Qn | Vç e Q, |/-1{?}l ^ 2 and k = |Im(/)|}. 
For each partition tt of an n-set of type l2fc-n2n-fc30... n°, let Q* = {/ € Qn | tt = 
ker(/)}. Then QT is in A% and is G-isomorphic to Q^. Since there are B(n,k) many 
partitions of an n-set of the given type, [A£] = B(n, &)[<2^]. Since = Ufc=i one 
obtains 
[QM] = £[Ag = f>(n, A)[Q[*1], 
k=1 k=1 
as required. • 
Since the matrices [B(n, A)] and [(—l)n~hB(2n — k — 1, n — 1)] are mutually inverse 
[8], each irredundant power may be expressed as a sum of bi-restricted powers as follows. 
Proposition 3.5.3 
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[QW] = ]T(-l)"-*g(2n -k - l ,n -  1)[Q^].D (3.5.3) 
fc=l 
In Propositions 3.5.2 and 3.5.3, we have the relations between the bi-restricted and 
the irredundant powers. Using Proposition 2.2.1, we can get the relations between the 
bi-restricted and direct powers. 
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Corollary 3.5.4 
1. [el-Ill = n=, (EU B(n, m) ' Si(m, *)) 16']; 
& [V] =ELi (EUi(-l)m"1-S2(n,m).B(2m-fe-l,m-l))[(3E'l]. • 
3.6 Generating function for numbers of orbits 
Theorem 3.6.1 The exponential generating function for the number of orbits on the 
n-th bi-restricted power G-set (Q, is 
•a \ "(s) 
[ l+ t  +  
g€G 
where ir(g) is the number of points of Q fixed by an element g of G. 
1 ^ ( f2\ "(5) 
Proof. By Theorem 3.3.1, the n-th derivative of / with respect to t at t = 0 is 
/M(0) =ièîEg£G(EL1B(n,t)[T(g)lfc) (3.6.2) 
— B{ni k) ^]g[ • (3.6.3) 
By Lemma 2.2.2 and Proposition 3.5.2, it is readily seen that (0) is the number of 
orbits of G on the n-th bi-restricted power Q^. 
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CHAPTER 4. Tri-restricted numbers and powers 
4.1 Tri-restricted numbers of the second kind 
By analogy with Theorem 3.6.1. we now want to build a new G-subset of Qn such 
that the truncation 
]5|E(1+t+S + ^)'<s> (4'L1) 
of el~^ is the exponential generating function for the number of orbits in the G-subset. 
The second task is to introduce the coefficients that will play the role of the Bessel 
numbers in Proposition 3.5.2 and Proposition 3.5.3. 
Definition 4.1.1 For an indeterminate x, let 
/ ( # ) = ( i + # + £ + ! ) .  
The tri-restricted numbers of the second kind Tz(n, k) are defined by 
= (4.L2) 
k=l 
where f^ (0) is the n-th derivative of f with respect to t at t = 0. • 
An explicit form for the tri-restricted numbers of the second kind is given by the 
following proposition. 
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Proposition 4.1.2 For any positive integers n and k, T2(n, k) = 
.n. if 
L^J 
then y; nl 
t—ti (2!)3fc-n-2t(3!)n-2 k+t^k -n- 2t)\{n -2 k + t)l 
else 0, 
where [aj is the greatest integer less than or equal to a, [of| is the least integer greater 
than or equal to a, and 
ti= if < k <n then 2k — n else 0. 
Proof. Let g(t) = l + t + § + ^-. Then fit) = (g(t))x. and the terms of the n-th 
derivative f^{t) of f(t) have the form 
(4.1.3) 
for all non-negative integers t, Sk — n — 2t and n — 2k + t. For all non-negative integers 
Ai, À2, •.., An such that Ax + A2 -I 1- An = k and Ax + 2A2 4 H nAn = n, the number 
of ^-partitions of an n-set of type lAl2A2... nXn is 
n! . x 
(l!)Ai(2!)^... (n!)^(Ai)!(A2)! - - - (A»)!: ^ ^ 
Since t -r (3fc — n — 2t) + (n — 2k + i) = k and t + 2(3 k — n — 2i) + 3(n — 2k -ht) = n, 
there are 
r>! (4.1.5) (l!)*(2!)%-"-^(3!)"-^+%(3& - n - 2t)!(n-2k + t)l 
many terms [x]k(g(t))x~k{g'(t))t(g''(t))3k~n~2t(g^it))n~2k+t in /(n)(t). Since g(0) = 
g'(0) = g"(0) = g®(0) = 1, one obtains the expression 
/ X 
En! (!!)*(2!)3&-*-%f3^"-2 £ fc=l t>0 3fc—ra—2t>0 
Y w— 
t(3!) 2*+tti(3fe - n - 2t)!(n - 2k + t)ï M* (4.1.6) 
/ 
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for /(") (0). It is clear that T2(n, k)  =  0 for all k  >  n ,  since f ^ ( t )  cannot have any term 
containing [x]fc for any k> n. If k < [|~|, one has 3 k <n and Zk — n — 2t < n — n — 2t < 
—21, which violates the constraints t > 0 and Zk — n — 2t > 0. Therefore T2&, k) = 0 
for all k < [|]. Solving n — 2k +1 > 0 and Zk — n — 2t > 0 for t, one obtains 
t>2k  — n  and t < —r——. 
2 
Together with t> 0 and the fact that t is an integer, this gives 
rnax{ 0,2 k — n}<t< r-—J - (4.1.7) 
max{ 0,2k — n} = < (4.1.8) 
If [fl < ^ < Tfl j one has 2k  <  n, and if [f J <k<n,  one has n < 2k. Then 
o if rti < k < m 
2k — n if Lf J < k < n. 
The required form for ^(m, k) is furnished by (4.1.6), (4.1.7) and (4.1.8) .• 
Table 4.1 shows the first few tri-restricted numbers of the second kind. The empty 
cells are to be filled with 0's. 
Table 4.1 The tri-restricted numbers of the second kind 
T2(n, k) k = 1 2 3 4 5 6 7 8 9 
n = 1 1 
2 1 1 
3 1 3 1 
4 7 6 1 
5 10 25 10 1 
6 10 75 65 15 1 
7 175 315 140 21 1 
8 280 1225 980 266 28 1 
9 280 3780 5565 2520 462 36 1 
As an immediate corollary from Proposition 4.1.2, one obtains the following combi­
natorial interpretation of the tri-restricted numbers of the second kind. 
Corollary 4.1.3 For each positive integer n, k) is the total number of k-partitions 
of an n-set of type 1 t23k~n~2tZn~2k+t4°... n°.D 
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4.2 Tri-restricted powers of permutation representations I 
By analogy with (3.5.1), one may now define the desired subset of Qn. 
Definition 4.2.1 The n-th tri-restricted power of a set Q is 
6™"® = {/ : {1,2,3,..., n} -» Q | Vg £ Q, |/"'{«}! < 3}. (4.2.1) 
For a G-set (Q,G), the restriction of the diagonal action of G on Qn to Q®"!]] is called 
the n-th tri-restricted power of (Q, G), and denoted by (Q, G)^LO 
Lemma 4.2.2 QW Ç QM Ç QttNl] ç Q". • 
Tri-restricted powers are related to irredundant powers via the tri-restricted numbers 
of the second kind. 
Theorem 4.2.3 
{Q [ [ [ n ] ] ] }  = X>M)[<3[fc1]- (4-2.2) 
&=1 
Proof. Let A% = {f e Qn \ Jc = |Im(/)| and Vç € Q, |/-1{ç}| < 3} and Q1 = 
{/ G Qn | k = |Im(/)|}. Then A% = Qfc n and Q®"]]] js the disjoint union of the 
A£. For any partition TT of the n-set {1,2,3,..., n} of type it23fc-n-2i3n-2A:+i40... n°, 
let Qn = {/ G Qn 17T = ker(/)}. Then Qx is in A£, and is G-isomorphic to Q^. Since 
there are T^{n, k) partitions of an n-set of the type it23A-n~2t3n-2fc+t40.. .n°, the G-set 
A£ is G-isomorphic to T<2,{n, k) copies of Therefore 
qM = (jA£s(jT2(n,fc)QW- (4.2.3) 
Considering the isomorphism classes from (4.2.3), one obtains (4.2.2) .0 
By Proposition 2.2.1 and Proposition 3.5.3 taken together with Theorem 4.2.3, the 
tri-restricted powers can be expressed in terms of the direct powers or the bi-restricted 
powers as follows. 
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Corollary 4.2.4 
1. [«»]] = (El^Un,m) • S,(m,fc)) [<?»]; 
£ [QIM1] = X:L, GUHr-'THn, m) • B(2m - k - 1, m - 1)) [QM]. • 
4.3 Tri-restricted numbers of the first kind 
Now consider the matrix 2% whose (n, k)-th entry is 2a (n, for each n, A:. Since T2 is 
a lower triangular matrix whose diagonal elements are all 1, we can consider the inverse 
matrix of T2. 
Definition 4.3.1 The tri-restricted number of the first kind Ti (n, k) is defined to be the 
(n,k)-th entry of the inverse matrix ofT^.U 
Table 4.2 shows the first few tri-restricted numbers of the first kind. The empty cells 
are to be filled with 0's. 
Table 4.2 The tri-restricted number of the first kind 
k) k = 1 2 3 4 5 6 7 8 9 
= 1 1 
2 -1 1 
3 2 -3 1 
4 -5 11 -6 1 
5 10 -45 35 -10 1 
6 35 175 -210 85 -15 1 
7 -910 -315 1225 -700 175 -21 1 
8 11935 -6265 -5670 5565 -1890 322 -28 1 
9 -134750 139755 -5005 -39270 19425 -4410 546 -36 1 
Remark 4.3.2 Unlike the Stirling numbers of the first kind, the tri-restricted numbers 
of the first kind T{(n, k) do not take alternating signs. The sum of the last three numbers 
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in each row of the above table becomes 0, i. e. for all positive integers n < 9, one has 
Ti (n, 3) + Ti (n, 2) + Tx (n, 1) = 0. (4.3.1) 
In fact, the relationship (4-3.1) holds for all positive integers, since T2(l, 1) = T2(2,1) = 
T2(3,1) = 1. This might be the reason for the non-alternating signs ofTi(n, k), but to be 
sure  one  would  need  to  f ind  a  formula  or  a  combina tor ia l  in terpre ta t ion  for  the  T x (n ,  k) .  
This will be discussed further in later chapters. • 
4.4 Tri-restricted powers of permutation representations II 
One may now provide an inverse to the formula of Theorem 4.2.3 as follows. 
Proposition 4.4.1 
[<3N] = £T1(7î,y[QllilI].D (4.4.1) 
&=1 
Applying Proposition 2.2.1 and Proposition 4.4.1 with Proposition 3.5.2, the direct 
powers and the bi-restricted powers can be expressed in terms of the tri-restricted powers 
as follows. 
Corollary 4.4.2 
1-  [«"] = EL, (EL* S2(n, m) • JUm, k) )  
& [QM1 = ELi(ELt2M'HM) [«•'«]. • 
Finally, we conclude that (4.1.1) generates the numbers of orbits in the tri-restricted 
powers of a G-set (Q, G) with permutation character TT. 
Theorem 4.4.3 The exponential generating function for the number of orbits on the 
n-th tri-restricted power G-set (Q, is 
1 / f2 ^3X^(5) 
^) = lGfE(1 +*+a +  3!) '  ( 4 A 2 )  
where n(g) is the number of points of Q fixed by an element g of G. 
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Proof. By Definition 4.1.1, the n-th derivative of / with respect to t at t = 0 is 
/("'(0) (4.4.3) 
= ELi r2(ri, k) (j§[ EgecktsUfc) • (4.4.4) 
By Lemma 2.2.2 and Theorem 4.2.3, it is easy to see that (0) is the number of orbits 
of G on the n-th tri-restricted power • 
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CHAPTER 5. Multi-restricted numbers and powers 
5.1 Multi-restricted numbers of the second kind 
5.1.1 Definition 
Definition 5.1.1 For a fixed positive integer m, called the restriction, and for an inde­
terminate x, set 
f2 fti 
f ( t )  =  [p( i ) ] x  wi th  g ( t )  = l + ^ (5.1.1) 
Then the multi-restricted numbers of the second kind with restriction m, denoted by 
M™(n: k), are given by 
fW(0)  =  ^ M?(n ,k ) [x] k ,  (5.1.2) 
k= 1 
where f^ (0) is the n-th derivative of f with respect to t at t = 0. 
Corollary 5.1.2 
I 1 if n = k 
1. Ml{n,k) = < 
I 0 otherwise ; 
2. M${n, k) = B(n, k); 
3 .  Mf (n, k)  = T2(n, k) .  
Proposition 5.1.3 For any positive integers m and n, 
1. M?(n,k) = 0 if k < 
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2 .  M™(n,  n )  =  1;  
3. M™(n, k) = 82(11, k) if m> n — k. 
Proof. Use the notation of (5.1.1). If n < m, the n-th derivative of g with respect 
to  t  i s  exac t ly  the  same  as  the  n - th  der iva t ive  o f  e*  a t  t  =  0 ,  s ince  g (0 )  =  1  =  g ' (0 )  =  
- - - = g(m)(0). So the n-th derivative of / at t = 0 is the same as the n-th derivative of 
ete at t = 0 if n < m. By (2.1.1), 
Hence M™{n, k) = 82(71, k) if n <m. Also, the first m terms in f ^ ( t ) ,  which contains 
[rcjfc for all k > TI — m, does not have any higher derivative of g beyond the m-th 
derivative. So the n-th derivative of f has the same first m derivatives as e41 at t = 0, 
whence  (3 )  holds .  By  (3 ) ,  M^(n ,  n )  =  S 2 (n ,n ) .  So  (2 )  holds .  S ince  g^( t )  = 0  i f  n> m,  
(1) readily follows by induction. • 
Table 5.1 shows the general scheme for the first few multi-restricted numbers of the 
second kind. Each 82 and M™ entry is to be replaced respectively by S2(n,k) and 
M2l(n, k) for the appropriate n and k. The empty cells are to be filled with 0's. 
The next result gives an explicit computation and a combinatorial interpretation for 
each multi-restricted number. 
Proposition 5.1.4 For any positive integers m and n, 
k\ + &2 + * * * + &m = fc 
ki -f 2&z H h mkrn = n 
i.e. for any positive integers m and n, M™(n, k) is the total number of k-partitions of 
an n-set of type lAl2Xz... mXm (m +1)°... n°. 
(5.1.3) 
(5.1.4) 
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Table 5.1 The multi-restricted numbers of the second kind 
M™(n, k) & = 1 2 3 - m m + 1 m + 2 m + 3 ... 2m 2m +1 
n = 1 1 
2 1 1 
3 1 s2 1 
m 1 = S2 s2 s2 - 1 
m + 1 s2 s2 - • s2 1 
m + 2 Mf % - - s2 s2 1 
771 + 3 M2m Mr - • s2 s2 s2 1 
2 m Mf Mf . - Mf % s2 s2 s2 1 
2m+ 1 • 
• Mf AÇ1 s2 s2 s2 s2 1 
2m + 2 Mf - - Mf M™ M? s2 s2 s2 s2 
Proof. Use the notation of (5.1.1). The terms with in (i) take the form 
£ Mibwr'ts'M)" (/(<))*= • • • (#<r>(t))t-- (5.1.5) 
+ *2 H i-km = k 
ki + 2k2 H (- mkm = n 
For all nonnegative A1; A2,... An such that Ai+A2H 1-An = k  and Ai+2A2-I hnX n  = 
n, the number of ^-partitions of an n-set of type lAl2>2. , . n X n  is 
Tl\ 
(l!)Al (2!)^ • • • M^(Ai)!(Az)! • • • (A*)!' (5'L6) 
Hence the number of terms of the form 
Mttotor'am)*1 (/(#))'= • • • cj(r)(t))fc-
in /(n)(t) is 
n! 
(l!)*i (2f)*2... (m!)*» ... kj.' 
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Since 5(0) = </(0) = g"(0) = • • - = ^W(O) = 1, one then has 
Z X 
71 
/""(o)=£ E 
fc=i fcl + *2 -i i - km =k  
^  k i+  2*2 -i f- TTîAm = n 
M. (1!)^ (2!)t:... (m!)*mAa!jy • • • km\ 1 JA' 
/ 
as required. • 
5.1.2 The recurrence relation 
The following theorem presents a three-term recurrence relation for the multi-restricted 
numbers of the second kind. The immediate proof given is analytical, and depends on 
Lemma 5.1.6 which appears below the rest of the proof. Following Lemma 5.1.6, an 
alternative combinatorial derivation of the recurrence relation is given, depending on 
Proposition 5.1.4. 
Theorem 5.1.5 For any positive integers n> m, one has 
where l\ 4~12 4- • * * ~l- lm — k — 1 and l± 4- 2Z% 4- • • • 4- mlm — n — 1. The second type is 
M^{n ,k )  =  M?(n- l , k - l )+kM?(n- l , k )~  y jM^(n-m- l , k - l ) .  (5.1.7) 
Proof. Use the notation of (5.1.1). Just two types of terms in f(n ^(t) yield 
kMstor'to'to)*1 (s'W • • • (9<m'(t)) 
in /(n) (£). The first type is 
(5.1.8) 
(5.1.9) 
where hx + h2-{ 1-h m  = k and hi  + 2 /i2 4 h mhm =  n  — 1. 
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The derivative of the first type (5.1.8) yields exactly one [z]&-term, namely 
M*(sMrV(i))'1+V(«))fa • • • (s(m> («))•"• 
This gives the contribution M™(n — l ,k  — 1) to M™(n,k)  on the right hand side of 
(5.1.7). The derivative of the second type (5.1.9) produces m terms with [a;]*, namely: 
Ws(9W)I-%(»'(t))*'-1(s"W),'2+1(9(3,(«))fe ' ' ' (Mi))*" 
+ [4tte(t))I~*Mi))6%(s"(t))'"~1fo<3)(t))',*+1 • • - (s1"1'(<))*"• 
(o.l.lO) 
+ 
+ Wt(sW)I-'(s'W)'"(</"(t))fe(s<3)(<))''s ' • • 
Since ^(0) = g'(Q) = </"(0) = ••• = g^(0) = 1 and g(m+1)(t) = 0, (5.1.10) at t = 0 
becomes (h\ + h2 + • • • + Ani_i)[%]t. Since /ii + h2 + — + hm—\ = k — hm, one obtains 
the contribution of k times M^(n — 1, k) to the right hand side of (5.1.7), corrected by 
the subtraction of hm times the number of occurrences of (5.1.9) in (t). Therefore 
M^in^k)  = — l ,k  — l )  + — l ,k)  
_ "V ftm(n-l)! (5.1.11) 
^  h 1 + h 2  +  - -  +  h m = k  (l!)*i(2!)*a -(m!)»>nh1!h2!~hmr  
+ 2/12 + - * * -f* mhm = 71 — 1 
The analytical proof of Theorem 5.1.5 is completed by the following lemma. • 
Lemma 5.1.6 For positive integers n> m, one has 
h-i +h2-i H hm — k 
hi + 2h2 4 Hmhro =n — l 
(5.1.12) 
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Proof. The left-hand side is equal to 
E hm.(n—1)! h 1 + h 2  +  ~ -  +  h m  =  k  (2!)ft2 hi !h2'-—hm! 
E h l  +  h 2  +  - - - + { , h m - l )  =  k - l  (1!)"1 (2!)ft2 ' 
(5.1.13) 
hi + 2h2 4— • + m{hm — l)=7i — 7n — 1 
h m -  1 > 0  
Let pi  = hi  for all 2 < m — 1, and let pm  = hm- l .  Then (5.1.13) is equal to 
£ (1!)pi (2!)P2 - - • (m!)Pmpi!p2! • • -p™}- ' (n - m — l)! (5.1.14) 
Pi +P2 4 h Pm = k  —  1 
Pi + 2p2 + •" + WiPm =71 — 771—1 
which by Proposition 5.1.4 corresponds exactly to the (n~1)M™(7i — m — 1, k — 1) term 
on the right hand side.D 
The combinatorial derivation of the recurrence relation (5.1.7) will now be given. By 
Proposition 5.1.4, the left hand side of (5.1.7), namely M™(n, fc). counts the number 
of partitions of an n-set that have exactly k parts, none with more than m elements. 
Call such a set partition a "multi-restricted ^-partition." The right hand side of (5.1.7) 
represents the two distinct methods of building up such a partition from a partition of 
an (n — l)-set by the addition of one extra element. One method is to start with a 
multi-restricted (k — l)-partition of the (n — l)-set, and to put the extra element in a 
part on its own. The number of ways to do this is Mrpfo—1, & —1), the first term on the 
right hand side of (5.1.7). The second method is to add the extra element to any one of 
the k parts of a given multi-restricted ^-partition of the (n — l)-set. The number of ways 
to do this is kM™{n — l,k), the second term on the right hand side of (5.1.7). However, 
in certain cases this method will yield a ^-partition of the n-set that has one part with 
m + 1 elements, exceeding the imposed restriction. One must thus subtract the number 
of such cases from the sum of the first two terms of the right hand side of (5.1.7). Each 
39 
such case arises when the extra element is added to a part that already has m elements. 
There are (n~1)  such subsets ,  and each such subset  combines with M^in — m — — 
different multi-restricted (k — ^-partitions of the (n — m — l)-set of remaining elements 
to produce the multi-restricted ^-partition of the (n — l)-set. The sum of the first two 
terms on the right hand side of (5.1.7) is thus corrected by the subtraction of the third 
term -m-l ,k- l) .  
5.2 Multi-restricted powers of permutation representations 
Definition 5.2.1 For a set Q and given positive integers m and n, the n-th multi-
restricted power set with restriction m is 
Q[nri = {/:{ij2,3, . . . ,n}-*Q |  Vç€Q, I /-l{g}| < m}. (5.2.1) 
For a G-set (Q, G), the restriction of the diagonal action of G on Qn to is called 
the n-th multi-restricted power of (Q, G) with restriction m, and denoted by (Q, G)tn,mL 
Lemma 5.2.2 For any positive integer n, 
QM =  Q[n] Ç Q[n,2] _ Q[M] Ç QM _ Q[[M]] Ç ... Ç QM = Qn.\J (5.2.2) 
Multi-restricted powers are related to irredundant powers via the multi-restricted 
numbers of the second kind. 
Proposition 5.2.3 For positive integers m and n, one has 
[Q[n,m]] = ^ 2 M?(n, &)[QM]. (5.2.3) 
fc=i 
Proof. Let Q\ = {/ e Qn | k = |Im(/)|} and 
Ak = {/  € Qn  |  k = |Im(/)| and Vç € Q, < m}.  
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Then A£ = Q% n Q^n,m\ and Qfa™! is the disjoint union of the A£. For any partition 
7T of  the n-set  {1,2,3, . . . ,  n} of type lX l2*2 . . .  mX m  (m +1)°. . .  n°,  let  Q v  = {/  G Qn  \  
TT = ker(/)}. Then Q- is in A£, and is G-isomorphic to <5^- Since the number of 
partitions of an n-set of type lAl2A2... mAm(m +1)°... n° is M|n(n, k), the G-set Ag is 
G-isomorphic to the disjoint union of M^in, k) copies of Qlkh Thus 
71 71 
Q[n,m1 = |J A£ = IJ M™ (n, k)Q[k]. (5.2.4) 
fc=i fc=i 
Considering the isomorphism classes from (5.2.4), the desired result (5.2.3) is obtained. 
• 
Together with Propositions 2.2.1, 3.5.3, and 4.4.1, the multi-restricted powers can be 
expressed in terms of the direct powers and the multi-restricted powers with restriction 
2 and 3 as follows. 
Corollary 5.2.4 For positive integers m and n, one has 
1. [«M] = ^ • Sl(f, *)) {Qk}; 
& [<3M = EL, EL» ((-1 •  B(2p - k -  l,p -  1)) IQM]; 
s. M = EL, EL» W(",p) • T,M) BM1-
Now we consider the general case of the truncations of |^[ ]Cge<s &t"^' and we con­
clude that the numbers of orbits in the multi-restricted powers of a G-set (Q, G) are 
exponentially generated by these truncations. 
Theorem 5.2.5 The exponential generating function for the number of orbits in the 
n-th multi-restricted power G-set (Q, G)^n,m^ is 
i / /2 tm\ 
/( t) = ]G|E(1+<+2!+--- + Si) '  (5 '2 '5)  
1 1FF€G X ' 
where tt (g)  is  the number of  points  of  Q fixed by an element  g of  G.  
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Proof. By Definition 5.1.1, the n-th derivative of / with respect to t at t = 0 is 
=ièiESSG(EL1Af|"('»^)Ws)W 
= ELi k) EgecMsJlt) • 
By Lemma 2.2.2 and Proposition 5.2.3, it then follows that (0) gives the number of 
orbits of G on the n-th multi-restricted power Q^n'm\ • 
5.3 Multi-restricted numbers of the first kind 
Proposition 5.1.3 shows that multi-restricted numbers of the second kind approximate 
Stirling numbers of the second kind. To obtain corresponding approximations to Stirling 
numbers of the first kind, consider the matrix M™ whose (n, &)-th entry is M^(n, k) 
for each n, k. By Proposition 5.1.3, is a lower triangular matrix, each of whose 
diagonal  elements is  1.  One may thus consider  the matr ix M™ inverse to  M™. 
Definition 5.3.1 The multi-restricted number M{"(n, k) of the first kind with restric­
tion m is defined to be the (n, k)-entry of the matrix Mj71. 
Corollary 5.3.2 
1. M\(n, k) = M\(n, k); 
2.  (n, k)  = (—l)n~ kB(2n -  k -  1, n - 1); 
3.  Mf(n, k)  = Ti(n,  k) .  
Table 5.2 shows the general scheme for the first few multi-restricted numbers of the 
first  kind.  Each Si  and M™ entry is  to  be replaced respect ively by Si  (n,  k)  and M™(n, k)  
for the appropriate n and k. The empty cells are to be filled with 0's. 
Proposition 5.3.3 For positive integers m and n > 1, 
MT(%, 1) + MT(n, 2) + --- + M[*(n, m) = 0. (5.3.1) 
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Table 5.2 The multi-restricted numbers of the first kind 
M?(n,k)  k = l 2 3 •• m m + 1 m + 2 m + 3 • • • 2m 
n = 1 
2 
3 
1 
Si 
Si 
1 
Si 1 
m 
772 + 1 
m + 2 
Si 
M? 
Si 
Si 
Mr 
Si 
Si -
Si • 
- 1 
• Si 
• Si 
1 
Si 1 
m + 3 M? Mf1 M? ' • Si Si Si 1 
2m M™ M? M? - • Mf1 Si k Si Si 1 
Proof. Since M™ and M™ are mutually inverse, • M™ = I, where I is the 
identity matrix. Thus the (n,p)-th entry of M™ • M™ is 
[ 1 ifn = p 
Y,M?(n,k)M?(k,p)  = t  (5.3.2) 
k=p I 0 otherwise. 
By Proposition 5.1.3 3,  M™(n,  1) = 82(71,1) if m <71 — k, i.e. Af^n, 1) = 1 if TI < m, 
and 0 otherwise. Thus if p = 1 in (5.3.2), one has 
n m 
M?(n,  k)M?(k,  1) = ^ M?(n,  k) .  (5.3.3) 
fc=i fc=i 
Combining (5.3.2) and (5.3.3), (5.3.1) is obtained. • 
Corollary 5.3.4 
1.  M^(n,n)  = 1; 
2. M^-(n, k) = Si(n,k) if m>n — k. 
Proof. Since M™ is a lower triangular matrix whose diagonal entries are all I's, the 
eigenvalues of M™ are all I's, and the inverse matrix is also a lower triangular matrix 
whose diagonal entries are all I's. Hence, (1) holds, and (2) for n — k < 0 also holds. 
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The rest of 2 i.e. the case of n — A: > 0 is done by induction on n. The base case n = 1 
follows from (1). Suppose that for all p < n, M™(p, k) = Si(p,k) if p — k <m. Let t be 
the n-th row of the matrix M™, and let c be the k-th column of the matrix M™. Since 
M™(n, k) = S2(n, k) for m > n — k by Proposition 5.1.3, r and the transpose of c are as 
follows: 
n—m 
r  = ( *,•••,*, S2(n,n-m + l), •••, S2(n,n-1) ,  82(71,71),  0, •••); 
c t  = ( 0,  —, 0,  Si(7i-m + l ,k) ,  •••  ,  82(71-l ,k) ,  M x(n,  k) ,  * ,  •••) ,  
(5.3.4) 
— 
n—m 
for some number *. Since the matrices and M™ are mutually inverse and n  ^ k ,  
0  = r - c  
(5.3.5) 
= Ep^-m+1 &(71,p) • Si(p, k) + s2(n,  n)M™(n, k) .  
Similarly, the n-th row of the matrix k)]  and the k- th column of the matrix 
[5x(n, k)] for n ^ k yield the following: 
0 = Ep=n-ni+i S2(ti,p)  •  Si(p,  k)  ^  g g-j  
= Epi-m+1 S2(ti ,p) • 5i(p, k)  + S2(ti, n)Si(n, k) .  
Comparing (5.3.4) and (5.3.5), M™(ti,  k) = S\ (n,k) .  •  
5.4 Inverse relationships 
Since the matrices [M™(n, &)] and [M™(n, A:)] are mutually inverse, one obtains an 
inverse to the formula of Proposition 5.2.3 as follows. 
Proposition 5.4.1 For positive integers m and n, one has 
[QM] = M?(n, &)[QM].0 (5.4.1) 
fe=l 
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Together with Propositions 2.2.1, 3.5.2 and 4.2.3, the direct powers and the 
multi-restricted powers with restriction 2 and 3 can be expressed in terms of 
multi-restricted powers, yielding the following inverses to the formulae of 
Corollary 5.2.4. 
Corollary 5.4.2 For positive integers m and n, one has 
i• [Q°] = ELi Y.U (&(".?) • *)) [eMl; 
& [QM] = ELi (S(n,p)  • Mffe  k))  
S. [QM] = YZ.I Y.U %(",?) • M?(p- *)) [Q"1™1]-
Multi-restricted power sets are related to one another. The following result, which is 
easily proved by combining Propositions 5.2.3 and 5.4.1, exhibits the relation between 
the multi-restricted powers with restriction mi and m^. This relation subsumes all the 
relations introduced earlier in chapters 2, 3, 4 and 5. 
Theorem 5.4.3 For positive integers n, mi and m2; one has 
71 71 
[gW] (n?1 (n> p) • M722 (p, k)) [Q^].D (5.4.2) 
k= 1 p=k 
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CHAPTER 6. Conclusions and open problems 
6.1 Conclusions 
6.1.1 Interpolating Stirling numbers 
The matrix consisting of the Stirling numbers of the second kind S^n, k) for is an 
infinite-dimensional lower triangular matrix with all diagonal entries all equal to 1. Its 
inverse matrix is also an infinite-dimensional lower triangular matrix with all diagonal 
entr ies  equal  to  1,  taking the Stir l ing number of  the firs t  kind Si(n,  k)  for  the (n,  k)- th 
entry. 
Similarly, the matrix consisting of the multi-restricted numbers of the second kind 
with restriction m, k), and its inverse matrix, are infinite-dimensional lower tri­
angular matrices with all diagonal entries equal to 1. Also, the inverse matrix consists 
of  the mult i-restr icted numbers of  the firs t  kind with restr ict ion m, M™(n, k) .  
By Proposition 5.1.3 and Corollary 5.3.4, we have 
lim M^(n, k) = Sa(n, k) and lim M^(n, k) = Si(n,  k) ,  
m—>oo m—*oo 
i.e. the matrices of the multi-restricted numbers converge to the matrices of the Stirling 
numbers. By Corollary 5.1.2 (1) and 5.3.2 (1), the multi-restricted numbers of the first 
kind and second kind with restriction m = 1 are just 1. So the associated matrix is 
the infinite dimensional identity matrix. Therefore, the matrices of the multi-restricted 
numbers are intermediate between the matrices of the Stirling numbers of the first and 
second kinds. 
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Writing S2 or Si for the matrices of the Stirling numbers of the second or first kinds, 
and M™ or M™ for the matrices of the multi-restricted numbers of the second or first 
kinds with restriction m, the following biconvergent infinite sequences of matrices are 
obtained: 
Si, . . .  = I = M#, . . . ,  Sg. 
Hence, considering Si on one side and S2 on the other, we have constructed a chain of 
interpolating matrices, passing through the identity matrix, from one side to the other. 
6.1.2 Complements to the associated Stirling numbers 
Recall that the (n,  &)-th multi-restricted number of the second kind with restriction 
m, M.™(n, k), is the number of partitions of an n-set into k nonempty subsets, each of 
size at most m. Similarly, recall that the (n, &)-th Stirling number of the second kind 
82(71, k) is the number of partitions of an n-set into k nonempty subsets. 
In Section 3.2, the associated Stirling numbers of the second kind are introduced 
as complementary to the multi-restricted numbers of the second kind with restriction 
2. Similarly, the (n,k)-th m-associated Stirling number of the second kind, denoted by 
A™(n, k), is defined to be the number of partitions of an n-set into k nonempty subsets, 
each of size at least m . Then we have A\(n, k) = S2(n, k) and 
A£(n, k) = k- A?(n, k) + (U ~ \) A™(n -m,k- 1) 
\7n — 1 / 
[5]. We conclude that the m-associated Stirling numbers of the second kind are comple­
mentary to the multi-restricted numbers of the second kind with restriction m. 
Now, recall the Stirling numbers of the first kind. We consider the number of per­
mutations of an n-set with exactly k cycles, and take alternating signs. Similarly, we 
consider the number d™(n, k) of permutations of an n-set with exactly k cycles, each of 
length > m. Then the (n, k)-th 7n-associated Stirling numbers of the first kind, denoted 
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by A™(n,k) ,  is defined by (—l)n-fcdm(n,k) .  It is obvious that A\(m,k)  = Si(n,k) .  
However, the possible complementary number, the number of permutations of an n-set 
with exactly ^-cycles, each of length < m, is not the multi-restricted number of the first 
kind M™(n,k). Indeed, the matrix of the m(> l)-associated Stirling numbers of the 
second kind or first kind does not have an inverse, since it is a lower triangular matrix 
with all diagonal entries equal to 0. 
Open questions at this point concerns the numbers complementary to the m-associated 
Stirling numbers of the first kind: How does (—l)"~Â:cm(n, k) behave? Is there a recur­
rence relation? What is the inverse? Is there any connection with the multi-restricted 
numbers of the second kind, etc? Here c™(n, k) is the number of the permutations of an 
n-set with exactly k cycles, each of length > m. 
6.2 Multi-restricted numbers of the first kind 
Not only are the multi-restricted numbers convergent to the Stirling numbers, but 
they also behave like Stirling numbers. Especially, the multi-restricted numbers of the 
second kind and the Stirling numbers of the second kind share similar combinatorial 
interpretations. In fact, the word "restricted" gives a hint that the multi-restricted 
numbers of the second kind are some kind of restriction of the Stirling numbers of the 
second kind. 
However, the multi-restricted numbers of the first kind behave unexpectedly, not like 
a restriction of Stirling numbers of the first kind, as shown in the previous section. It 
is natural to pose the problem: what is the combinatorial interpretation for the multi-
restricted numbers of the first kind? 
As shown in Table 4.2, the signs of the multi-restricted numbers of the first kind 
with restriction 3 do not alternate. The multi-restricted numbers of the first kind with 
restrictions m = 4,5,6,7,8, and 9 are also seen not take alternating signs, unlike the 
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Stirling numbers of the first kind. This raises the problem: What is the sign behavior 
of the multi-restricted numbers of the first kind with restrictions m > 2? 
In connection with these open problems concerning the multi-restricted numbers, the 
following section might be helpful. 
6.3 Extension of multi-restricted numbers 
6.3.1 Stirling numbers 
Recall by (2.1.2) and (2.1.3) that the Stirling numbers of the second kind and the 
signless Stirling numbers of the first kind satisfy the recurrence relations 
Safa,k)  = S2(n-l ,k  — l )  + k-S2(n — l ,k)  and c(n,k)  = c(n— 1,k)  + (n — l )-c(n — 1,k) ,  
which can be used to complete their tables for positive integers n and k. 
Now we want to extend Table 2.1 and 2.2 for negative n and k. By the law of 
reciprocity for Stirling numbers: 
S2(—k, —n) = c(n,  k) (6.3.1) 
for positive integers n and k [12], it is easy to extend the Table 2.1 for the Stirling 
numbers of the second kind. Table 6.1 displays the extension of the first few Stirling 
numbers of the second kind for positive and negative integers n and k. The empty cells 
are to be filled with O's. 
Considering the analog of (6.3.1): 
c(—k, —n) = S2(n,  k) ,  
we may build the inverse of the infinite matrix in Table 6.1, which is an extension of the 
Table 2.2 for the Stirling numbers of the first kind. Table 6.2 displays the extension of 
the first few Stirling numbers of the first kind for positive and negative integers n and 
k. The empty cells are to be filled with O's. 
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6.3.2 Bessel numbers 
The Table 3.1 for the Bessel numbers also can be also extended for negative integers 
n and k. Recall that the (n, k)-th Bessel number B(n, k) is ak_k, where a% is the (n, &)-th 
Bessel coefficient 2^{n^ky.kr Since 
(—ri + k)(—n + k — 1) • • - (—71 — k +1) _ (—1)^(7% + k — l )(n + k — 2)  •  •  •  (n  — k)  
¥k\ ~ ¥k\ ' 
the Bessel coefficients satisfy 
akn  =  ak 
[8]. Since al£+n = a% = B(n+k,n) ,  the Bessel numbers can also be extended 
for negative n and k: 
J3(—k,  —7z) — B(2n — k — 1, n — 1). (6.3.2) 
Note that the inverse matrix of the matrix taking the (n, k)- th Bessel number as the 
(n,  fc)- th entry is  [(— l )n~ kB(2n — k — 1,  k  — 1)].  
Table 6.3 displays the extension of the first few Bessel numbers for positive and 
negative integers n and k. The empty cells are to be filled with O's. Note that 
00 00 
y-k(x) = ^ B ( - 7 Z ,  -k)xn~ k  = ^ 2 B{-n + 2k-l ,k-  l)xn~k = yk-i(x), 
71=0 71=0 
the (k — l)-th Bessel polynomial. 
Similarly to Table 6.2, we may build the infinite inverse matrix of Table 6.3. Since the 
(n, k)-th Bessel number B(n, k) is the (n, A:)-th multi-restricted number M$(n, k) of the 
second kind with restr ict ion 2,  the inverse number (—l)n~ kB(2n—k—l,  n—1) is  the (n,  k)-
th multi-restricted number Mi(n,k) of the first kind with restriction 2. Therefore, the 
inverse matrix of Table 6.3 is the extension of the table for the multi-restricted numbers 
of the first kind. Table 6.4 displays the extension of the multi-restricted numbers of the 
first kind with restriction 2 for positive and negative integers n and k. The empty cells 
are to be filled with O's. 
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6.3.3 Multi-restricted numbers 
From Section 6.3.1 and 6.3.2, we learned that we need to express M™(—k, —n) in 
term(s) of the numbers involving positive n and k, to extend the multi-restricted numbers 
of the second kind with restriction m for negative n and k. That is, we need an equation 
like (6.3.1) or (6.3.2). 
Using c(n, k)  = (—l)n~ kSi(n,  k) and B(2n — k — 1, n — 1) = (—1 )n~ kMf(n,  k) ,  let's 
rewrite (6.3.1) or (6.3.2) to have 
S2(-k ,  -n)  = (-l)n-*Si(ra, k)  and Mj{-k,  -n)  = (-l)n~ kM*(n,  k) .  
Intuitively, the following equation is conjectured: 
M?(-k,  -n)  = (-1 )n~kM?{n, k), (6.3.3) 
to extend the multi-restricted numbers of the second kind with restriction m for negative 
n and k. 
For example, we set up the equation for m=3: 
Mi{-k,  -n)  = (-1 )n~ kMf(n,  k) ,  (6.3.4) 
and we evaluate Mf(—k, — n) for positive integers n and k. Table 6.5 displays the 
extension of the first few multi-restricted numbers of the second kind with restriction 3 
for positive and negative integers n and k using (6.3.4). The empty cells are to be filled 
with O's. Note that the extended table has negative values, unlike the extensions of the 
Stirling numbers or the Bessel numbers. This is to be expected, since the multi-restricted 
numbers of the first kind with restriction 3 do not take alternating signs. However, this 
seems a proper extension, since the recurrence 
Àff(re, k) = M\[n — 1, k - 1) + k • M|(w - 1, k) —  ^^ (ra — 4, k — 1) 
still holds for negative integers n and k. However, it remains to prove why (6.3.4) works. 
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Table 6.6 displays the possible extension of the multi-restricted numbers of the first 
kind with restriction 3 for positive and negative integers n and k, obtained by inverting 
the matrix from Table 6.5. The empty cells are to be filled with O's. 
It seems reasonable to conjecture (6.3.3). However, it remains to prove if (6.3.3) 
works for any restriction m > 3. To prove this, we may need to know more about the 
multi-restricted numbers of the first kind, such as an explicit formula or a recurrence 
relation. This conjecture (6.3.3) might be the key to answering the question about the 
sign behavior of the multi-restricted numbers of the first kind. Indeed, the two problems 
are very closely related. 
6.4 Unimodality 
For fixed n > 2, the sequence of Stirling numbers 82(^1, k) of the second kind and 
the sequence of signless Stirling numbers |Si(n, fc)| = c(n,k) of the first kind are both 
unimodal  [5,  9] .  In Section 3,  i t  was shown that  the sequence of  Bessel  numbers B(n,  k)  
for fixed n > 2 is unimodal. 
Up to n = 25, the unimodality of the multi-restricted numbers of the second kir d with 
restrictions 3,4, 5, 6, 7, 8, and 9 was checked, and none of them violates unimodality. The 
sequences of signless multi-restricted numbers of the first kind with the same restrictions 
were also unimodal up to n = 25. However, it still remains to answer the question: Is the 
sequence of  mult i -restricted numbers of  the second or f irst  k ind,  with restrict ion m >2,  
unimodal? 
6.5 A differential equation 
In Section 3, it was shown that the multi-restricted numbers of the second kind 
with restriction 2 can be obtained by reparametrizing the coefficients of the polynomial 
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solutions of the differential equation: 
3?Vn + (2ar + 2 )y'n = n(n + l)y„. 
One major open problem is to find a differential equation for obtaining the multi-
restricted numbers of the second kind with restriction m. 
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Table 6.1 Extension of the Stirling numbers of the second kind 
S2(n, k) k — —6 —5 —4 —3 
n = —6 1 
-5 15 1 
-4 85 10 1 
-3 225 35 6 1 
-2 274 50 11 3 
-1 120 24 6 2 
0 
1 
2 
3 
4 
5 
6 
1 
1 
1 
3 1 
7 6 1 
15 25 10 1 
31 90 65 15 
Table 6.2 Extension of the Stirling numbers of the first kind 
£i(n, k) k = —6 —5 —4 —3 
n = —6 1 
-5 -15 1 
-4 65 -10 1 
-3 -90 25 -6 1 
-2 31 -15 7 -3 
-1 - 1  1 - 1 1  
0 
1 
2 
3 
4 
5 
6 
1 
-1 1 
2 -3 1 
-6 11 -6 1 
24 -50 35 -10 
-120 274 -225 85 
1 
-15 1 
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Table 6.3 Extension of the Bessel numbers 
B(n,  k)  k — —6 —5 —4 —3 
n = —6 1 
-5 15 1 
-4 105 10 1 
-3 420 45 6 1 
-2 945 105 15 3 
-1 945 105 15 3 
0 
1 
2 
3 
4 
5 
6 
1 
1 
1 1 
3 1 
3 6 1 
15 10 1 
15 45 15 
Table 6.4 Extension of the multi-restricted numbers of the first kind with 
restriction 2 
Mf(n,  k)  <
o 1 II 
-5 -4 -3 -2 - 1 0  1  2 3 4 5 
n = —6 1 
—5 -15 1 
-4 45 -10 1 
-3 -15 15 -6 1 
-2 3 -3 1 
-1 -1 1 
0 1 
1 1 
2 -1 1 
3 3 -3 1 
4 -15 15 -6 1 
5 105 -105 45 -10 1 
6 -945 945 -420 105 -15 1 
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Table 6.5 Possible extension of the multi-restricted numbers of the second 
kind with restriction 3 
Mf(n, k) k = -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 
n = —7 1 
-6 21 1 
-5 175 15 1 
-4 700 85 10 1 
-3 1225 210 35 6 1 
-2 315 175 45 11 3 1 
-1 -910 -35 10 5 2 1 1 
0 1 
1 1 
2 1 1 
3 1 3 1 
4 7 6 1 
5 10 25 10 1 
6 10 75 65 15 1 
Table 6.6 Possible extension of the multi-restricted numbers of the first kind 
with restriction 3 
Mf(n,  k)  C
O 1 1 
lO
 1 
to 1 t
>
 1 II -
y
 
n = —7 1 
-6 -21 1 
—5 140 -15 1 
-4 -315 65 -10 1 
-3 175 -75 25 -6 1 
-2 10 -10 7 -3 
-1 1 
0 
1 
2 
3 
4 
5 
6 
1 
-1 1 
2 -3 1 
—5 11 -6 1 
-35 -45 35 -10 
910 175 -210 85 
1 
-15 1 
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